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Node immunization "Gl Morone & Mikee. Noture, 524(7563)65 (2015
degree NS CI Xdeg NB XNB

1% | 62.76 6144 | 62.88 62.90 | 62.92 62.91
BA 2% | 68.84 66.94 | 68.97 68.99 | 69.01 69.01
3% | 7242 70.09 | 72.56 72.57 | 72.59 72.59

1% 6.28 6.40 | 641 645 | 646 6.46
BTER 2% | 10.60 10.72 | 10.80 10.85 | 10.86 10.86
3% | 14.31 1440 | 1455 14.61 | 14.63 14.63

1% 3.31 341 | 340 343 | 344 344
SBM 2% 6.00 6.16 | 6.19 6.23 | 6.25 6.25
3% 8.52 8.66 | 876 880 | 882 8.82

1% 1.41 1.17 | 150 152 | 1.63 1.63
WS 2% 2.52 209 | 297 298 | 3.11 3.11
3% 3.66 294 | 441 441 | 4.57  4.58

Table 1: Average percentage eigen-drop (larger is better) on synthetic graphs
after removing 1%, 2%, and 3%
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Node immunization "Gt Morone & Makes. Nature, 5247563165 (2015,
degree NS  CI [(Xdeg| NB [ XNB |

1% | 62.76  61.44 | 62.88 |62.90 | 62.92 |62.91
BA 2% | 68.84 66.94 | 68.97 |68.99 | 69.01 |69.01
3% | 7242 70.09 | 72.56 |T72.57 [ 72.59 |72.59

1% 6.28 6.40 | 641 | 645 | 6.46 | 6.46
BTER 2% | 10.60 10.72 | 10.80 |10.85 || 10.86 | 10.86
3% | 14.31 14.40 | 14.55 [14.61 || 14.63 |14.63

1% 3.31 341 | 340 | 343 | 344 | 3.44
SBM 2% 6.00 6.16 | 6.19 | 623 [ 6.25 | 6.25
3% 8.52 8.66 | 876 | 880 | 882 | 8.82

1% 1.41 1.17 | 150 | 1.52 | 1.63 | 1.63
WS 2% 2.52 209 | 297 | 298 | 3.11 | 3.11
3% 3.66 294 | 441 | 441 ) 457 | 458

Table 1: Average percentage eigen-drop (larger is better) on synthetic graphs
after removing 1%, 2%, and 3%
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Table 2: Average percentage eigen-drop on real networks (larger is better) when
removing p = 1,10, or 100 nodes.
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AS-1 0.74 0.74 2.35
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Web-NotreDame 9.34 9.34 9.34
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Gase study

p=1 p=10
degree CI Xdeg , degree CI Xdeg

AS-1 0.74 0.74 2.35 6.70 13.51 15.43

AS-2 2.02 202 4.00 | 17.09 2236 28.17

Social-Slashdot 0.95 1.02 1.02 4.63 6.06 6.94
Social-Twitter 2.18 2.18 198 13.21 13.97 13.68
Transport-California 0.00 0.00  0.65 2.65 0.65 2.65
Transport-Sydney 0.00 0.00 __ 0.00 0.00 0.00 6.50
Web-NotreDame 9.34 9.34 9.34 | 1210 13.79 13.79

Table 2: Average percentage eigen-drop on real networks (larger is better) when
removing p = 1,10, or 100 nodes.



Gase study

p=1 p=10 p =100
degree CI Xdeg , degree CI Xdeg | degree CI Xdeg

AS-1 0.74 0.74 2.35 6.70 13.51 15.43 | T71.65 78.26 75.92

AS-2 2.02 202 4.00 | 17.09 2236 28.17 [ 87.60 89.61 87.02

Social-Slashdot 0.95 1.02 1.02 4.63 6.06 6.94 | 23.65 28.11 30.30
Social-Twitter 2.18 2.18 1.98 13.21 13.97 13.68 | 41.10 4288 43.39
Transport-California 0.00 0.00  0.65 2.65 0.65 2.65 5.09 5.09 7.80
Transport-Sydney 0.00 0.00 0.00 0.00 0.00 6.50, 0.00 7.37 9.49
Web-NotreDame 9.34 9.34 934 | 1210 13.79 13.79 | 1437 1437 19.22

Table 2: Average percentage eigen-drop on real networks (larger is better) when
removing p = 1,10, or 100 nodes.



Algorithm: Immunization with XNB

Input: graph G, integer p
Output: removed, an ordered list of nodes
removed « ()
XNB [i] « XCent (G, i) for each node i
while length(removed) < p do
node < max; XNB [i]
foreach i in G.neighbors[node] do
G.neighbors[i].remove(node)
foreach i in G.neighbors[node] do
foreach j in G.neighbors[i] do

| XNB [j] « XCent (G, i)
G.neighbors[node] < 0
removed.append(node)

return removed

This algorithm can be
implemented using one
of two data structures: an
indexed priority queue
(IPQ), or a hash table
(a.k.a. dictionary, Map).
Each version is more
efficient on different
types of networks.



Algorithm: Scalabhility

IPQ
6 30
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Future research

Cool, now what?
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X-centrality and variance
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Question 1

Xdeg(c) = (3, acid§)2 — 2 Gei (d',i)2
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“excess degree”




X-centrality and localization

The adjacency eigenvector is
disproportionately localized on the red node.

Martin, et al. Physical review E 90.5 (2014): 052808.



X-centrality and localization

The non-backtracking eigenvector is
disproportionately localized on the red nodes.

Martin, et al. Physical review E 90.5 (2014): 052808.
Pastor-Satorras & Castellano. Preprint arXiv:2005.03913 (2020).



The non-backtracking eigenvector is
disproportionately localized on the red nodes.

The degrees of the neighbors of the red nodes have
— thus the red nodes have high X-deg.
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Generate a graph with a subset
of nodes with high X-degree.
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The leading eigenvalue decreases by an amount correlated to X-NB.

New techniques to analyze the non-backtracking matrix.

Using X-centrality is slightly better in general, largely better in some cases.
Connections with moments of neighbors’ degree distribution, localization, etc.

Paper: https://arxiv.org/abs/2002.12309
Code:https://github.com/leotrs/inbox
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The leading eigenvalue decreases by an amount correlated to X-NB.

New techniques to analyze the non-backtracking matrix.

Using X-centrality is better in general, better in some cases.
Connections with moments of neighbors’ degree distribution, localization, etc.

Paper: https://arxiv.org/abs/2002.12309
Code:https://github.com/leotrs/inbox

Tina Eliassi-Rad, NEU
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